Abstract In this paper we develop the total umbilicity of the spacelike submanifold M of a de-Sitter space with the help of some integral formulas, index form of a nonnull geodesic and the Jacobi equation. 
Introduction
Let L nþp p ðcÞ be an ðn þ pÞ-dimensional connected semi-Riemannian manifold of constant curvature c whose index is p. The study of spacelike submanifolds in de-Sitter space has been recently of substantial interest for both physics and mathematical point of view. In [1] , Ximin achieved the total umbilicity of spacelike submanifolds with certain conditions on curvatures under the assumption that the normal bundle is flat and the normalized mean curvature vector is parallel. Further, in [2] , it is seen that the index form and Jacobi equation provide nice relations to obtain interesting results on spacelike submanifolds using techniques of integral formulas [3] . Motivated from this literature, in this article we apply index form together with integral formulas on the Laplacian of the squared norm of the second fundamental form and obtain our main result in the form of the following theorem.
Theorem. Let M n be a compact spacelike submanifold of de Sitter space S nþp p ðcÞ with parallel mean curvature vector field n in the normal bundle. Let x : ½a; b Â ðÀd; dÞ ! M be the fixed end point geodesic variation such that V 0 j j 2 6 RðV; a 0 ÞV; a 0 h i , where V and a 0 are the Jacobi vector field and the tangent vector field to any nonnull geodesic a respectively, then M n is totally umbilical and the second fundamental form of M n is parallel.
Preliminaries
Let M n be an n-dimensional Riemannian manifold, e 1 ; e 2 ; . . . ; e n , a local orthonormal frame field on M n , and let x 1 ; x 2 ; . . . ; x n be its dual coframe field. Then the structure equations of M n are given by
Through an standard calculation by using Eqs. (2.2) and (2.7), we have X
from which it follows that 
The above equation yields
Since the tensor / ij is Codazzi, we have / ijk ¼ / ikj from which we conclude
Also we know that / ij is symmetric i.e. / ij ¼ / ji from which we get / ijk ¼ / jik . Taking this into account, we find that
Using Eqs. (2.9)-(2.11) we calculate
Near a given point p 2 M n , we choose a local orthonormal frame field fe 1 ; e 2 ; . . . ; e n g and its dual frame field
from which we finally get
3. Spacelike submanifolds in de Sitter space and index form Let M n be an n-dimensional space-like submanifold in S nþp p ðcÞ. We choose a local field of semi-Riemannian orthonormal frames e 1 ; e 2 ; . . . ; e nþp in S nþp p ðcÞ such that at each point of M n ; e 1 ; e 2 ; . . . ; e n span the tangent space of M n and form an orthonormal frame there. We use the following convention on the range of indices: 1 6 A; B; C; . . . 6 n þ p; 1 6 i; j; k; . . . 6 n; n þ 1 6 a; b; c; . . . 6 n þ p In terms of dual frame field the semi-Riemannian metric of S nþp p ðcÞ is given by d s
A where e i ¼ 1 and e a ¼ À1. Then the structural equations of S nþp p ðcÞ are given by [1] 
where
Now restricting these forms on M n , we have
From Cartan's lemma, we write
ð3:4Þ
From these formulas, we obtain the structure equations of M n as follows:
Here we have
The mean curvature vector field n, the mean curvature H and the square of the length of the second fundamental form S are expressed as
respectively, where the matrix of h a is given by
. . . ; n þ p. Moreover the normal curvature tensor fR abkl g and the normalized scalar curvature R are expressed as
If R abkl ¼ 0 at any point x of M n , we say that the normal connection is flat at x. It is well known that R abkl ¼ 0 at x if and only if h 0 a s are simultaneously diagonalizable at x [4] . Now suppose that the mean curvature vector n is parallel in the normal bundle i.e. the length of n is constant which gives H ¼ constant. Further assume that H is a positive constant on M n and choose e nþ1 ¼ n H . Then it follows that H nþ1 ¼ H and H a ¼ 0, for a > n þ 1. The following definitions are essential for proving the main result of this article:
Definition [2] . A variation of a curve segment a : ½a; b ! M is a two parameter mapping x : ½a; b Â ðÀd; dÞ ! M such that aðuÞ ¼ xðu; 0Þ for all a 6 u 6 b. The vector field V on a given by VðuÞ ¼ x v ðu; 0Þ is called the variation vector field of x. Similarly the vector field AðuÞ ¼ x vv ðu; 0Þ gives the acceleration and we call it the transverse acceleration vector field of x.
As a particular case of variational vector field we have Jacobi vector field defined as follows:
Definition [2] . If c is a geodesic, a vector field Y on c that satisfies the Jacobi differential equation Y 00 ¼ R Yc 0 ðc 0 Þ is called a Jacobi vector field.
Also we know that if L is the arc length function of x then the first variation of arc length function is given by [2] .
where e is the sign of a.
The second variation of arc length of L x ðvÞ is possible in case a is a geodesic and is given by [2] L 00
where a 0 k k ¼ c > 0 and A is the transverse acceleration vector field of the variationx.
We recall that the Riemannian curvature tensor is defined as:
Definition [2] . Let M be a semi-Riemannian manifold with Levi-Civita connection r. The function R : TM TM TM ! TM given by RðX; YÞZ ¼ r ½X;Y Z À ½r X ; r Y Z is a ð1; 3Þ-tensor field on M called Riemannian curvature tensor.
It is clear that for a fixed endpoint variation the last term of the above expression is zero and hence we have 
